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Abstract. Let F be a non-archimedean local field. The construction
of Lubin–Tate (ϕq,Γ)-modules attached to p-adic representations of
GF depends on the choice of a uniformizer of F . In this paper, we
give a description of a functor which relates categories of overconver-
gent Lubin–Tate (ϕq,Γ)-modules for different uniformizers. Further,
we study this functor more explicitly for 2-dimensional trianguline
representations.
0 Introduction
Let K be a finite extension of Qp. Fontaine introduced the theory of cy-
clotomic (ϕ,Γ)-modules in [6] to classify p-adic representation of GK where
Γ = Gal(K∞/K) which K∞ is the field generated by p-power roots of 1 over
K called the cyclotomic extension. He uses a big ring called the ring of pe-
riods to attach (ϕ,Γ)-modules to p-adic representations of GK . There is an
important fact that these cyclotomic (ϕ,Γ)-modules are always overconver-
gent which is proved by Cherbonnier and Colmez [5]; this allows us to relate
Fontaine’s (ϕ,Γ)-modules and p-adic Hodge theory.
Cyclotomic (ϕ,Γ)-modules play an essential role in the construction of
the p-adic local Langlands correspondence for GL2(Qp) (see [3]). In order
to generalize this correspondence to GL2(F ), where F is a finite extension
∗ysaito@ms.u-tokyo.ac.jp
1
of Qp, it seems necessary to extend the theory of cyclotomic (ϕ,Γ)-module
in some manner. One of the expected way is considering Lubin–Tate (ϕ,Γ)-
modules for which Γ = Gal(K∞,π/K), where F ⊂ K and K∞,π is generated
by the torsion points of a Lubin–Tate group attached to a uniformizer π of
F . For sake of simplicity, we assume K = F in this paper. We can attach
to each F -linear representatioin of GF a Lubin–Tate (ϕ,Γ)-module over a
certain field BK,π (see [9]). However, these (ϕ,Γ)-modules are usually not
overconvergent contrary to the cyclotomic case (see [8]). Relate to this issue,
Berger developed an approach by considering (ϕ,Γ)-modules with coefficients
in rings of pro-analytic vectors and proved that F -analytic representations
are overconvergent (see [2]).
We have another problem of the theory of Lubin–Tate (ϕ,Γ)-modules
that a category of Lubin–Tate (ϕ,Γ)-modules depends on the choice of a
uniformizer of F . Let V be an F -linear representation of GF where F is
a finite extentsion of Qp. The construction of Lubin–Tate (ϕ,Γ)-modules,
especially the construction of a Lubin–Tate extension, depends on the choice
of a uniformizer π of F so that the overconvergency of V may depend on the
choice of π. We say that V is π-overconvergent if V is overconvergent for
Lubin–Tate (ϕ,Γ)-modules for the uniformizer π. If V is π-overconvergent,
then we can attach to V a Lubin–Tate (ϕ,Γ)-module D†π over a subfield B
†
F,π
of BF,π consisting of overconvergent elements. Thus if we want to compare π-
overconvergence and π′-overconvergence for different uniformizers π and π′ of
F , we should compare Lubin–Tate (ϕ,Γ)-modules over B†F,π and Lubin–Tate
(ϕ,Γ)-modules over B†F,π′. Let Hπ = Gal(F/F∞,π) where F is an algebraic
closure of F and F∞,π is a Lubin–Tate extension of F for a uniformizer π. To











where B† be one of the big fields of p-adic periods such that (B†)Hπ =
B
†
F,π. This functor has the following compatibility which is proved by easy
calculation from the result of [8] (Proposition 3.4).
Proposition 0.1
If V is π-overconvergent and π′-overconvergent, then corresponding Lubin–







If we want to calculate Mπ,π′ , it is hard to do with present formulation of




which is smaller than B† and give simpler description of Mπ,π′ .
The ring B†
F̂unr
is the field of overconvergent power serieses with coefficient in
F̂unr, where F̂unr is the π-adic completion of the maximal unramified extension
of F . We take a topological generator σπ′ of Gal(Funr,∞/F∞,π′) such that
σπ′ |Funr = ϕq, where Funr,∞ = Funr · F∞,π′. Let χπ be a Lubin–Tate character
for π and let u ∈ O×F be the unit of OF such that π
′ = uπ. Our result is the















If V is π-overconvergent and D†π denotes the corresponding overconver-
gent Lubin–Tate (ϕ,Γ)-module, we can check the π′-overconvergency of V
by calculating Mπ,π′(D
†
π). We focus on carrying out the calculation of Mπ,π′
for 2-dimensional triangulin representations and we conclude that overcon-
vergency is independet of the choice of uniformizers in this case.
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1 Lubin–Tate Extensions
Throughout this article, F is a finite extension of Qp with ring of integers
OF and residue field kF . Let q = p
h be the cardinality of kF and let e be the
ramification index of F over Qp. We identify kF with Fq.
Let π be a uniformizer of F . Let Gπ be a Lubin–Tate formal group
attached to [π]π(T ) = πT + T
q. For a ∈ OF , let [a]π(T ) denote the power
series that gives the multiplicaion-by-a map on Gπ. Let Fn,π = F (Gπ[π
n]),
and let F∞,π =
⋃
n≥1 Fn,π. Let Hπ = Gal(F/F∞,π) and Γπ = Gal(F∞,π/F ).
By Lubin–Tate theory (see [4, Chapter VI, section 3.4]), Γπ is isomorphic to
O×F via the Lubin–Tate character χπ : Γπ → O
×
F .
Let uπ,0 = 0 and for each n ≥ 1, let uπ,n ∈ Qp be such that [π]π(uπ,n) =
uπ,n−1 with uπ,1 6= 0.
These Lubin–Tate extensions and its Galois groups are dependent on the
choice of the uniformizer π. Let π, π′ be two uniformizers of F and let u ∈ O×F
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be the unit of OF such that π
′ = uπ. There is a relationship between two
Lubin–Tate extensions of F as following (see [4, Chapter VI, Section 3.7]).
Lemma 1.1
Let Funr be the maximal unramified extension of F and F̂unr be the comple-
tion of Funr. Let σq ∈ Gal(Funr/F ) be the arithmetic Frobenius automor-
phisms and extend it to F̂unr by continuity. Then there exists a power series
φ ∈ OF̂unr[[X ]] with φ(X) ≡ εX mod (X
2) where ε is a unit of OF̂unr, such
that
(1) φ is a morphism from Gπ to Gπ′ as formal OF -modules;
(2) σqφ = φ ◦ [u]π.
By local class field theory, we have the next proposition (see [4, Chapter
VI]).
Proposition 1.2
Let Funr,∞ = Funr·F∞,π. Then this is independet of the choice of a uniformizer
π and there uniquely exists a canonical homomorqhism
r : F× → Gal(Funr,∞/F )
which satisfies
(1) for any uniformizer π ∈ F , r(π) is the identity on the F∞,π and is equal
to σq on Funr;
(2) for any u ∈ O×F , r(u) is equal to χ
−1
π (u
−1) on F∞,π for any uniformizer
π ∈ F and is the identity on Funr.
The homomorphism r is called the reciprocity map.
2 Rings of p-adic Periods
We recall various rings of p-adic periods from §3 of [2]. In this section, we
fix a uniformizer π of F . Let F∞,π be the Lubin–Tate extension for π of F
constructed in §1. Let
Ẽ+ = {(x0, x1, ...),with xn ∈ OCp/π and x
q
n+1 = xn for all n ≥ 0}.
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This ring is endowed with the valuation valE(·) defined by valE(x) = limn→+∞
qnvalp(x̂n), where x̂n ∈ OCp lifts xn. The ring Ẽ
+ is complete for valE(·).
Let {uπ,n}n≥0 be as in §1. Then uπ = (uπ,0, uπ.1, ...) ∈ Ẽ
+ and valE(uπ) =
q/(q − 1)e. Let Ẽ be the fraction field of Ẽ+. Note that there is a canonical
inclusion Fq →֒ Ẽ
+ such that a 7→ (a0, a1, ...) which an = [a
q−n ] mod π ∈
WF (Fq)/π ≃ OF̂unr/π for all n ≥ 0 and for any a ∈ Fq, where WF (·) denotes
the functor OF ⊗OF0 W (·) of F -Witt vectors.
Let Ã+ = WF (Ẽ
+), and let B̃+ = Ã+[1/π]. These rings are preserved
by the Frobenius map ϕq = Id ⊗ ϕ
h, where ϕ is the canonical Frobenius
map of Witt ring W (Ẽ+). Every element of B̃+[1/[uπ]] can be written as∑
k≫−∞ π
k[xk], where {xk}k∈Z is a bounded sequence of Ẽ. For r ≥ 0, define
a valuation V (·, r) on B̃+[1/[uπ]] by














If I is a closed interval of [0,+∞), then let V (x, I) = infr∈I V (x, r). The
ring B̃I is defined as the completion of B̃+[1/[uπ]] for the valuation V (·, I)
if 0 /∈ I. If I = [0, r], then B̃I is the completion of B̃+ for V (·, I). Let
B̃† = ∪r≫0B̃
[r,+∞).
By [9, Lemma 1.2], there uniquely exists uπ ∈ Ã
+ whose image in Ẽ+ is
uπ and such that ϕq(uπ) = [π]π(uπ) and γ(uπ) = [χπ(γ)]π(uπ) if γ ∈ Γπ.
Proposition 2.1
Let π and π′ be uniformizers of F and let φ be a power series defined as Lemma
1.1. Let {uπ′,n}n≥0 and uπ′ be objects constructed above using π
′ instead of
π. Then {uπ′,n}n≥0 coincides with {
σ−nq φ(uπ,n)}n≥0 and φ(uπ) = uπ′.
Proof.
Remember the definition of the inclusion Fq →֒ Ẽ
+. For a ∈ OF̂unr,
σ−nq (a) mod π = a
q−n mod π
in OF̂unr/π ≃ Fq. Hence, the image of φ(uπ) in Ẽ
+ is
(φ(uπ,0) mod π,
σ−1q φ(uπ,1) mod π, ...).
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By Lemma 1.1, σ
−n












In addition, we can get φ(uπ,0) = 0 and
σ−1q φ(uπ,1) 6= 0 by the definition of φ
and invertibility of φ. Hence, {uπ′,n}n≥0 coincides with {
σ−nq φ(uπ,n)}n≥0. By
[9, Lemma 1.2], the characterization of uπ is that it is the lift of {uπ,n}n≥0 in
Ã+ and satisfies ϕq(uπ) = [π]π(uπ), so we get
ϕq(φ(uπ)) =
σqφ(ϕq(uπ)) = φ([u]π ◦ [π]π(uπ)) = φ([π
′]π(uπ)) = [π
′]π′(φ(uπ)).
Accordingly, φ(uπ) = uπ′ for {uπ′,n}n≥0 = {
σ−nq φ(uπ,n)}n≥0. ✷
Let AF,π be the π-adic completion of OF [[uπ]][1/uπ] and BF,π be the frac-
tion field of AF,π. Then AF,π is a complete discrete valuation ring with
uniformizer π and residue field Fq((uπ)) ⊂ Ẽ
+. Let B′π be the maximal
unramified extention of BF,π inside Ã
+ and let B be the its π-adic comple-
tion. Note that F̂unr ⊂ B; therefore, B does not depend on the choice of the
uniformizer π by Proposition 2.1.
By [9, Lemma 1.4] and its proof, we have the next lemma.
Lemma 2.2
The residue field of OB is a separable closure of Fq((uπ)). There is a natural
isomorphism
Gal(B′π/BF,π) ≃ Gal(F/F∞,π) = Hπ
and this isomorphism satisfies that Gal(F/F∞,π) acts on the residue field of
B′π as the subset of Ẽ
+.
From this lemma, we have BHπ = BF,π.
For ρ > 0, let







Let I be a subinterval of (1,+∞), and let f(Y ) =
∑
k∈Z akY
k be a power
series with ak ∈ F and such that valp(ak) + k/ρ
′ → +∞ when |k| → +∞ for
all ρ ∈ I.
The series f(uπ) is converges in B̃
I and we let BIF,π denote the set of












rig,F,π denote the ring B
[r,+∞)
F,π . Let B
†,r
F,π denote the
set of f(uπ) ∈ B
†,r









be the ring defined as above replacing F by F̂unr. By Proposition
2.1, this does not depend on the choice of the uniformizer π and we get the
canonical inclusion B†F,π →֒ B
†
F̂unr
for any uniformizer π of F .
3 (ϕ,Γ)-modules
For R = BF,π,B
†
F,π, a (ϕq,Γπ)-module over R is a free R-module of finite
rank D with continuous semilinear actions of ϕq and Γπ commuting with
each other such that ϕq sends a basis of D to a basis of D. When R = BF,π,
we say that D is étale if D has a ϕq-stable AF,π-lattice M such that the
linear map ϕ∗qM → M is an isomorphism. When R = B
†
F,π, we say that
D is étale if BF,π ⊗B†
F.π
D is étale. Let Mod
ϕq,Γπ,ét
/R be the category of étale
(ϕq,Γπ)-modules over R.
Let RepFGF be the category of finite-dimentional representations of GF
over F . For any V ∈ RepFGF , put DBF,π(V ) = (B ⊗F V )




, put V(Dπ) = (B ⊗BF,π D)
ϕq=1. We have the following
theorem (see [9, Theorem 1.6]).
Theorem 3.1
The functor V 7→ DBF,π(V ) and Dπ 7→ V(Dπ) give rise to mutually inverse




We say that Dπ ∈ Mod
ϕq,Γπ,ét
BF,π
is π-overconvergent if there exists a basis
of Dπ in which the matrices of ϕq and of all γ ∈ Γπ have entries in B
†
F,π.




. We have next proposition
from [8, Proposition 1.5].
Proposition 3.2













(2) The functor V 7→ (B† ⊗F V )
Hπ and D†π 7→ V(BF,π ⊗B†
F,π
D†π) are mu-
tually quasi-inverse equivalences of the category of overconvergent F -











and D†π is uniquely determined.
Proof.






































is π-overconvergent. For different uniformizers π and π′ of F , we want to
compare the π-overconvergence and π′-overconvergence of V . Let Mπ,π′ be
















Hπ′ . First, we have the following proposition.
Proposition 3.4
We assume that V is π-overconvergent and π′-overconvergent. Let D†π (resp.




















ϕq=1 by Proposition 3.2, Hence,
D†π′ = (B






























, we have the equivalence of π-overconvergency






. Let Funr,∞ = Funr · F∞,π, which does not depend
on the choice of π because it is the maximal abelian extension of F from
local class field theory. Note that HFunr = Gal(F/Funr,∞) acts trivially on

























We follow the argument in the proof of [7, Proposition 3.8].
For an unramified extention K/F , let BK,π be the fraction field of the
π-adic completion of OK [[uπ]][1/uπ]. By the definition of B
†, it suffices to
show BHFunr = BF̂unr.
First, we show (B′π)
HFunr = BFunr,π. Let Fn be the n-dimentional un-
ramified extension of F for n ≥ 1. Let Fn,∞,π = Fn · F∞,π and Hn,π =
Gal(F/Fn,∞,π). By the definition, BFn,π is an unramified extension of BF,π.
The residue field of BFn,π is Fqn((uπ)) on which Hn,π acts trivially. Hence,
Hn,π acts trivially on BFn,π by Lemma 2.2 and then we have [BFn,π : BF,π] =
n. Because [(B′π)








For any α ∈ BHFunr , we choose a sequence of αn ∈ B
′
π such that v(α −
αn) ≥ n, where v is a non-archemedian valuation on B
′
π. Then it follows
that v(g(αn) − αn) ≥ min{v(g(αn − α)), v(αn − α)} ≥ n for any g ∈ HFunr.
Applying [1, Proposition 1], we can find an ∈ BFunr,π such that v(αn − an) ≥
n− p
(p−1)2
v(p). Thus we have α = limn→∞ an ∈ BF̂unr. Hence, B
HFunr = BF̂unr.
Consequently, (B†)HFunr = B†
F̂unr
. ✷
Recall the reciprocity map r in Lemma 1.2. Because the restriction map
Gal(Funr,∞/F∞,π) → Gal(Funr/F ) induces isomorphism, r(π) is a topologi-
cal generator of Gal(Funr,∞/F∞,π). Thus if we want to calculate Mπ,π′(D
†
π),






D†π fixed by r(π
′). Let u ∈ O×F be the
9




−1) by the characterization of reciprocity map (see Lemma














If δ : F× → F× is a continuous character, let B†F,π(δ) be the (ϕq,Γπ)-module
over B†F,π of rank 1 that has a basis eπ,δ such that ϕq(eπ,δ) = δ(π)eπ,δ and
χ−1π (a)(eπ,δ) = δ(a)eπ,δ with a ∈ O
×
F . Note that B
†
F,π(δ) is étale if and only
if vp(δ(π)) = 0. From here, we assume that B
†
F,π(δ) is étale.
To carry out calculations in this section, we often use the next lemma.
Lemma 4.1
Suppose ε1 ∈ O
×
F̂unr




ε1σq(x)− x = ε2.
Proof.
Note that ε1σq(x)−x mod π = ε1x
q−x and ε1x





q . Therefore there exists x0 ∈ O
×
F̂unr
satisfying ε1σq(x0)− x0 =
ε2 − π
n0a0 with n0 > 0 and a0 ∈ O
×
F̂unr
. Inductively, let xm be a lift of
a solution of ε1x






nm > nm−1, x =
∑
m≥0 π
nmam converges and satisfies ε1σq(x)− x = ε2. ✷
Proposition 4.2
For the étale (ϕq,Γπ)-module B
†






Note that δ(O×F ) ⊂ O
×
F from continuity of δ. From Lemma 4.1, there exists
t ∈ F̂×unr which satisfies σq(t)δ(u
−1) = t, which means that r(π′)⊗χ−1π (u
−1)(t⊗
eπ,δ) = t ⊗ eπ,δ. Therefore t ⊗ eπ,δ is a basis of Mπ,π′(B
†
F,π(δ)) and it is of
rank 1.
To finish this proof, it is enough to show that the actions of Γπ′ and ϕq at
t⊗eπ,δ matches the actions at eπ′,δ. Let a ∈ O
×




Gal(Funr,∞/F ) whose restriction to Gal(Funr/F ) is trivial, which corresponds
to a−1 with the reciplosity map. By the property of the reciplocity map, we
have α|Γπ = χ
−1
π (a). Accordingly, the action of Γπ′ at the basis t⊗eπ,δ matches
the action induced by δ. In addition, we have ϕq(t⊗ eπ,δ) = δ(π
′)t⊗ eπ,δ by
the definition of t and an easy calculation. ✷




F,π(δ) attached to 1-cocycle cπ :
OF → B
†
F,π(δ) in the sense of [8, Proposition 4.1]. We have the exact se-
quence.





Let fπ ∈ D
†
π be a lift of 1 ∈ B
†
F,π which satisfies γ(fπ) = fπ + cπ(χπ(γ)) for
any γ ∈ Γπ and ϕq(fπ) = fπ + cπ(π). Then {eπ,δ, fπ} is a basis of D
†
π. From





π. Accordingly, if we can find an element fπ′ ∈ Mπ,π′(D
†
π) which
satisfies {t⊗ eπ,δ, fπ′} is linearly independent, we have Mπ,π′(D
†
π) is of rank
2. In consequence the F -representation of GF attached to D
†
π is not only
π-overconvergent but also π′-overconvergent. We focus on elements of the
form 1⊗ fπ +S⊗ eπ,δ with S ∈ B
†
F̂unr
. If 1⊗ fπ +S⊗ eπ,δ ∈ Mπ,π′(D
†
π), then
S has to satisfy r(π′)⊗ χ−1π (u
−1)(S ⊗ eπ,δ)− S ⊗ eπ,δ = −cπ(u
−1).
Lemma 4.3
There exists S ∈ B†
F̂unr
which satisfies r(π′)⊗χ−1π (u









π ⊗ eπ,δ with ci ∈ F . Let vmin = min v(ci) and
i0 be the minimal index satisfiying v(ci0) = vmin. Note that [u
−1]π(uπ)
−1 =
u−1π u(1+ auπ + · · · ) with 1+ auπ + · · · ∈ OF [[uπ]]. Applying Lemma 4.1 with
ε1 = u
−i0δ(u−1) and ε2 = −
ci0
πvmin






















vminα)⊗ eπ,δ. Then i0 or vmin become
bigger than before. Therefore carrying out above calculation inductively for







the minimum valuation of coefficients of −cπ(u
−1)−(r(π′)⊗χ−1π (u
−1)(Svmin⊗
eπ,δ)− Svmin ⊗ eπ,δ) is bigger than vmin.
Next we want to use induction for vmin. In this case, there remains
the problem of convergency of
∑
vmin
Svmin. We denote cπ(u




idi(uπ) with di(uπ) ∈ OF [[uπ]](
1
uπ
) whose coefficints are in O×F . By the
definition, we have−degu−1π Svmin ≥ mini≤vmin(−degu−1π di). As a result
∑
Svmin




In summary of arguments in this section, we have the next theorem.
Theorem 4.4
Let S ∈ B†
F̂unr







F,π′(1⊗fπ+S⊗eπ,δ). In particular, Galois representation attached
to D†π is also π
′-overconvergent.
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